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E-mail address: zqlee882@sohu.comPrevious experiments have shown that the distinct features of macro-martensitic band nucleation and
propagation in micro-tube under tension are in three stages: the initiation and propagation of a single
helical band? self-merging? propagation of the cylindrical band. In this paper, the martensitic forma-
tion and helical band propagation in the tube at different temperatures are modeled. The free energy
function of the tube is formulated by introducing an equivalent method to calculate the stress and strain
disturbances in the helical martensitic domain, and the phase transformation criterion is derived based
on thermodynamics. The simulations successfully capture the main features of nucleation, pattern evo-
lution and variation of front velocity of the helical martensitic band in the tube. The analytical results
and the comparison with experiments are also discussed in this paper.
 2009 Elsevier Ltd. All rights reserved.1. Introduction
Shape memory alloys (SMAs) is at present used in many engi-
neering structures and devices. The phase transformation in NiTi
polycrystals is ﬁrst order in nature and involves intrinsic instability
and domain evolution at microscopic level. The stress-induced
martensitic process involves two distinct deformation mecha-
nisms, the deformation due to martensite nucleation and the
deformation due to martensite reorientation. A considerable
amount of strain takes place during reorientation process due to
the growth of the most favorable oriented variant in relation to
the loading direction (Gall and Sehitoglu, 1999). The martensitic
products in micro-scale level may even percolate up to the macro-
scopic level under certain conditions as demonstrated through
mechanical response. In past decade some key features of stress-
induced martensite transformation were observed in experiments
and the transformation processes were realized that the transfor-
mation may occur in a localized way, i.e., through nucleation
events and subsequent propagation of macro-martensitic domain
in materials (Shaw and Kyriakides, 1995, 1997; Tse and Sun,
2000; Favier et al., 2001; Brinson et al., 2004).
Motivated by the successful applications of micro-tube in hu-
man implants and medical devices, some fundamental experimen-
tal researches on deformation instability of the micro-tube have
been performed and reported (Li and Sun, 2000, 2002; Helm and
Haupt, 2001; Feng and Sun, 2006; Ng and Sun, 2006). Due to the
special geometric shape of the tube, the main difference of mar-ll rights reserved.tensite band morphology between the tubes and those in the strips
is that the martensite in the tube initiates and propagates via the
sequence of a single helical band? self-merging? cylindrical
band instead of a straight inclined band through the whole cross-
section observed in the strips. The macroscopic deformation insta-
bility of tube under tension manifested itself through both the
sharp stress jumps in the nominal stress–strain curves of the tube
and the various evolving deformation patterns.
There are considerable continuum models developed to de-
scribe the transformation behaviors of SMAs. These approaches
of martensitic phase transition in elastic materials can be subdi-
vided into the following three categories: (1) Ginzburg–Landau or
phase ﬁeld theory describing the formation of a complicated micro-
structure consisting of austenite and m martensitic variants (Chen
and Shen, 1998; Wang and Khachaturyan, 1997; Rasmussen et al.,
2001). In these approaches, diffuse interfaces appear as solution of
the evolution equations for the order parameters; (2) thermome-
chanical phenomenological models introducing the volume fraction
of martensitic variants and the materials are treated as composites
with varying volume fraction of martensite (Tanaka and Nagaki,
1982; Tanaka, 1985; Brinson, 1993; Boyd and Lagoudas, 1996)
and (3) elastoplastic models with strain softening that leads to the
formation of martensitic domain with localized strains and the
microstructure evolution of the phase transition in material is sim-
ulated by modeling inhomogeneous deformations (Idesman et al.,
2005; Shaw, 2000; Levitas et al., 2004).
Despite the fact that the discovery in experiments brought
up information in the fundamental understanding and modeling
of the phase transformation in polycrystalline NiTi tube, the
modeling of thin-walled tube to describe the initiation and the
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was, however, not available in literatures so far. In this paper, a
model is developed to simulate the initiation and growth of
macro-martensitic domain in micro-tube. The free energy function
of the tube is established by introducing an equivalent method to
calculate the stress and strain disturbances in the helical martens-
itic domain and the phase transformation criterion is derived from
the second law of thermodynamics. The pattern evolution, orienta-
tion and the variation of front velocity of the helical martensitic
domain as well as the stress–strain response of the tube at differ-
ent temperatures are simulated by present model. The analysis re-
sults and the comparison with experiment are also discussed.2. Experimental observations
The material behavior of thin-walled NiTi tube was investigated
in previous experimental study (Li and Sun, 2000, 2002; Feng and
Sun, 2006) and some results from this series experiments are sum-
marized in this section.
2.1. General features of the phase transformation in tube
The tube has an outer diameter of 1.52 mm and the inner diam-
eter is 1.22 mm. The specimen has a full length of 120 mm and a
free length of 80 mm. The experiments were conducted on a stan-0
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Fig. 1. (a) The typical stress–strain curve of the micro-tube under tension at 25 C
transformation (solid line) and simpliﬁed trilinear curve (dash line).dard testing machine (Sintech 10 D) at a quasi-static nominal ten-
sile strain rate of 1.3  104/s.
Fig. 1(a) shows the typical stress–strain diagram of the tube at
room temperature (25 C). During loading process, it was linear
elastic deformation of austenite but followed non-linear deforma-
tion until nucleation peak, The later corresponds to partially mar-
tensitic phase transformation occurring in grains (Brinson et al.,
2004; Li and Sun, 2002; Feng and Sun, 2006). At nucleation peak,
the austenite phase became unstable and macroscopic martensite
initiated in a ﬁnite volume through dynamic formation. It was no-
ticed that the nucleation of martensite in an austenite region was a
distinct event, i.e., requiring a higher stress than the stress required
for subsequent transformation. The dynamic formation of the ﬁnite
martensite in an austenite region could be attributed to the auto-
catalytic nucleation and coalescence due to the strong interaction
of different stress-induced martensitic products (variants) in the
grain size or even smaller microscopic length scales and eventually
these micro-events percolate up to the macro-level and lead to the
strain softening of a macroscopic material element. This nucleation
of macroscopic martensitic band with strain softening inside mar-
tensite results in an elastic unloading (shrink) of the remaining
austenite outside the band and therefore leads to a macroscopic
stress drop of whole material.
The surface observation revealed that the martensite grew
rapidly into the form of a single helical lens-shaped band with4 5 6 7
in (%)
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Fig. 2. The photos of the evolution of a single helical martensitic band in the tube.
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Fig. 3. The schematic illustration of the evolution of martensitic band in the tube during loading; (a) initial formation of a single helical band; (b) growing; (c) self-merging;
(d) propagation of the cylindrical band.
Table 1
The measured evolution of helical martensitic band (25 C).
Width (mm) 0.34 0.46 0.66 0.82 1.06 1.36 1.62 1.96 2.34
Length (mm) 8.12 13.80 18.24 25.28 37.92 44.92 47.76 51.96 53.34
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the helical band and the cross-section of the tube) as shown in
Fig. 2, and the martensitic domain was separated from the remain-
ing austenite by a distinct boundary across which a jump of strain
occurred (Fig. 3). Bi-helical bands (i.e., two simultaneously cross-
growing helical bands nucleated on the opposite sides of the tube)
were not observed even though theoretically it is possible and the
deformation of the tube seems to be more axisymmetric. Such
symmetry-broken morphology evolution might be attributed to
the total energy preference of the shape of the high-strain band
in which the transformation strain is shear in nature.
The details of the experimental observation showed that the
stress decreased process near nucleation peak could be divided
into two distinct macroscopic stages associated with unstable
growth and the stable propagation of martensite: (1) the steep de-
creased stage (stress drop) due to macroscopic martensite initia-
tion through micro-scale nucleation, growth and coalescence and
(2) a followed fast decrease of stress (but much more slow com-
pared to the stage one) when the initiated martensitic band grewin austenite, then the stress reached a stable plateau value (Feng
and Sun, 2006).
After initiation the further elongation of the tube led to the
growth of the helical band by lengthening and thickening via visi-
ble quasi-static front movement, as shown in Table 1, with nearly
constant orientation until the band self-merging (from a simply
connected domain to a multiply connected one) and, eventually,
formed a cylindrical band with several sharp tips at its fronts as
shown in Figs. 2 and 3. The corresponding stress was kept roughly
unchanged on stress plateau (Fig. 1).
A set of displacement controlled, isothermal mechanical re-
sponses of the tube at different temperatures was plotted in
Fig. 4(a). The variations of the nucleation and propagation stresses
with increasing ambient temperature are shown in Fig. 4(b). The
axial transformation strain versus temperature is illustrated in
Fig. 5. All of them are temperature dependent. The observed mor-
phology evolution was similar to that at room temperature, i.e., via
the sequence of nucleation and growth of a single helical band?
self-merging? cylindrical band propagation.
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Fig. 4. (a) The stress–strain responses of the tube at different temperatures; (b) corresponding nucleation and plateau stresses.
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Fig. 6(a) shows the topography of the A–M interface measured
at room temperature (25 C) by the Alpha Step Surface Proﬁle Sys-
tem (a-step). The tube wall-thickness reduction (necking) caused
by the formation of the martensitic band was about
2 lm 2 ¼ 4 lm (original thickness 150 lmÞ and the orientation
of the band was about 33 (Fig. 6(b)). Let o0x0y0z0 be a set of rectan-
gular Cartesian coordinates in which x0 is along the axis direction of
the tube, y0 is perpendicular to x0 and tangent to the tube surface, z0
is perpendicular to the tube surface (Fig. 6(c)). For uniaxial tensile
test in which the directions given by axes x0y0z0 are principal direc-
tions and the transformation strains ept
i0 j0 are principal strains. The
strain components are (assuming volume strain = 0)
ept1010 ¼ eT1 ¼ 0:048 ð2:1Þ
ept3030 ¼ 4=150 ¼ 0:0267 ð2:2Þ
ept2020 ¼ eT2 ¼ ept1010  ept3030 ¼ 0:0213 ð2:3Þ
ept1020 ¼ ept1030 ¼ ept3020 ¼ 0 ð2:4Þwhere the eT1 and ept3030 are measured phase transformation strains
along x0 and z0 directions, respectively.
3. Modeling—theoretical formulation of the problem
In this section all the equations of the model are derived to ﬁnd
the equilibrium shape of new phase (martensite) inclusion in the
tube under quasi-static loading condition. The martensitic volume
VM , ﬁnite aspect ratio g and the orientation h of the helical band are
used as key variables describing the transformation process of the
tube. Since the observed martensitic band initiates and propagates
(forward transformation) in the tube via the way of a single helical
band? self-merging (chaos)? cylindrical band, the proposed
model only focuses on the simulation of nucleation and evolution
of the helical band, leaving the modeling of self-merging? cylin-
drical band propagation to a future effort.
3.1. Nominal stress–strain relation
Consider a long tube containing a helical lens-shape martensitic
band as shown in Fig. 7(a). For simplicity, we assume that both
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Fig. 6. (a) Schematic illustration of surface scanning process and the surface proﬁle of a martensitic domain measured by a-step; (b) The photo of martensitic band in the
tube; (c) the coordinate system.
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Fig. 5. Transformation strains of the tube at different temperatures.
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ferent elastic constants, the nominal axial strain of the tube takes
the form
e ¼ 1
V
Z
VX
eAdV þ 1V
Z
X
eMdV ð3:1Þ
where eA and eM are axial strain of the austenite and martensite,
respectively. When the tube is subjected to the far ﬁeld axial stressr, and the corresponding far ﬁeld uniform axial strain, e0, the total
axial strain of the austensite phase is given by
eA ¼ e0 þ ~eA ð3:2Þ
where ~eA is the interaction strain occurred near the A?M interface
and its contribution to the nominal axial strain of the tube is negli-
gible if a long tube with a small martensitic band
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Fig. 7. The equivalence of stress and strain disturbances of a micro-tube containing
a helical martensitic band (a) with that of an inﬁnite plate containing a martensitic
domain of the same thickness and shape (b); (c) the coordinate systems in inﬁnite
plate with a through elliptic inclusion.
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V
Z
VX
eAdV  1V
Z
VX
e0dV ¼ V  VM
V
e0 ¼ 1 VM
V
 
e0 ð3:3Þ
where V ;VM are total volume of the tube and the volume of mar-
tensitic band, respectively.
A thin-walled tube could be imaged as a long thin strip which is
bent into a cylinder with the two long edges welded together, This
‘‘tube” is subjected to the same stress as the long thin strip but has
different topological feature in that there is no geometrical obsta-
cle for inclined martensitic band to grow in the ‘‘tube” while in
strips the growing of the martensitic band is limited by the bound-
ary. Here the single inclined macroscopic martensitic band can
nucleate and extend along its length direction continually around
the tube axis for a few circles, which is similar to the free extension
of a macroscopic martensitic band in an inﬁnite plate where there
is no limitation for the band growth. If the martensitic volume is
much smaller than the total volume of the sample ðVM  VÞ, the
stress and strain disturbances of the helical martensitic band in
the tube, therefore, should be equivalent to that of a same band
in an inﬁnite plate in plane stress state as shown in Fig. 7. By refer-
ring the formed lens-shape martensitic band as a ﬂat elliptical
inhomogeneous inclusion, x2=a21 þ y2=a22 6 1, in matrix phase, the
total strain of the martensite in a set of coordinates oxy
(Fig. 7(c)) can be written as (Mura, 1987).
eMij ¼ e0ij þ Sijklðeptkl þ eklÞ ð3:4Þ
where Sijkl is Eshelby’s S-tensor, eptij and e

ij are inelastic (transforma-
tion) strain and equivalent eigenstrain (both are uniform), respec-
tively, Based on the equivalent inclusion method, the consistency
requires thatrMij ¼ CMijkl e0kl þ Sklmn eptmn þ emn
  eptkl 
¼ CAijkl e0kl þ Sklmn eptmn þ emn
  eptkl  ekl 
¼ CAijkl e0kl þ Sklmn  1ð4sÞklmn
 	
eptmn þ emn
 h i ð3:5Þ
where 1ð4sÞijkl is the fourth order symmetric identity tensor
1ð4sÞijkl ¼
1
2
ðdikdjl þ dildjkÞ ð3:6Þ
yielding the total eigenstrain in the martensite phase
eptkl þ ekl ¼ CMklmn  CAklmn
 	
Smngh þ CAghkl
h i1
 CAghpq  CMghpq
 	
C1Apqrs lr10 ls10 rþ CMghpqeptpq
h i
¼ nkl rþ fkl ð3:7Þ
where
nkl ¼ CMklmn  CAklmn
 	
Smngh þ CAghkl
h i1
 CAghpq  CMghpq
 	
C1Apqrs lr10 ls10 ð3:8Þ
fkl ¼ CMklmn  CAklmn
 	
Smngh þ CAghkl
h i1
 CMghpqeptpq ð3:9Þ
and lr10 ; ls10 are direction cosines. The axial strain in the martensitic
domain, therefore, is
eM ¼ l10 il10 jeMij ¼ l10 il10j e0ij þ Sijklðeptkl þ eklÞ
h i
¼ e0 þ l10 il10jSijklðnkl rþ fklÞ ð3:10Þ
and the resulted nominal strain due to the presence of martensite is
1
V
Z
X
eMdV ¼ 1V
Z
X
½e0 þ l10 il10 jSijklðnkl rþ fklÞdV
¼ VM
V
e0 þ VM
V
l10 il10 jSijklðnkl rþ fklÞ ð3:11Þ
with inserting of (3.3) and (3.11), the Eq. (3.1) becomes
e ¼ 1
V
Z
VX
eAdV þ 1V
Z
X
eMdV
¼ e0 þ VM
V
l10 il10 jSijklðnkl rþ fklÞ ð3:12Þ
The nominal stress of the tube, which is related to the nominal
strain e, martensitic volume VM , the aspect ratio of martensitic do-
main g ¼ a1=a2, the orientation of the helical band h and the ambi-
ent temperature T, is now expressed as
rðe;VM;g; h; TÞ ¼
VEAe VMEAl10 il10jSijklfkl
V þ VMEAl10 il10 jSijklnkl
ð3:13Þ
Eq. (3.13) can be used to estimate the overall stress–strain re-
sponse of the tube once the martensitic volume, VM , is known.
Microscopically, the constitutive relation of the material is gov-
erned by the law as shown in Fig. 1(b) (solid line) in a so-called
up-down-up fashion corresponding to the non-convex free energy
of the material (Maxwell rule). For polycrystals, the instability of
the material is often described by using a simpliﬁed trilinear curve
(dash line in Fig. 1(b)) (Sun and Hwang, 1993; Müller and Xu,
1991; Abeyaratne andKnowles, 1993), the deformation of themate-
rials is inhomogeneous due to the strain localization in the form of
martensitic band, and it requires solving the boundary-value prob-
lem to ﬁnd microstructure evolution. Such approach has been sug-
gested for thermodynamically-based model (Idesman et al., 2005;
Levitas et al., 2004) and for elastoplastic ersatz model (Shaw, 2000).
There are two possible physical mechanisms to explain the
macroscopic deformation instability: one is the material instability
due to the autocatalytic effect where a region of elastic phase
transformation creates stresses sufﬁcient to drive alone further
Z.Q. Li / International Journal of Solids and Structures 47 (2010) 113–125 119transformations and leads to the strain softening of a macroscopic
material element (Falk, 1980; Barsch and Krumhansl, 1988). In term
of elasticity, the softening stress–strain corresponds to a macro-
scopic non-convex strain energy function of the material. Another
possible mechanism leading to the macroscopic band formation is
the geometric instability due to the ﬁnite transformation strain
(Orgeas and Favier, 1998; Favier et al., 2001). Macroscopically, the
deformation instability would lead to the stress plateau of overall
response of the sample under displacement control mode.
3.2. Free energy of the matrix-inclusion system
Consider a long tube with a helical martensitic band as shown
in Fig. 7(a). Both the martensite and austenite polycrystals are as-
sumed to be elastic isotropic and have different elastic constants.
The Helmholtz free energy of the tube system to be of the form
wðe;VM;g; h; TÞ ¼ wel þ win þ ws þ Dwch ð3:14Þ
where wel represents the elastic strain energy and win is the free en-
ergy due to interaction between inhomogeneity and external stress,
ws denotes the interfacial energy and Dwch is the change in the free
chemical energy from the reference to the current state. Based on
equivalent inclusion method, the ﬁrst two terms in (3.14) can be
further expressed as
wel ¼
1
2
Z
D
r0iju
0
i0 jdV 
1
2
Z
X
rijeptij dV
¼ 1
2
V r2
EA
þ 1
2
VMC
M
ijkl e
pt
kl  e0kl  Sklmnðnmnrþ fmnÞ
 
eptij ð3:15Þ
win ¼
1
2
Z
X
r0ije

ijdV ¼
1
2
VM rli10 lj10 ðnij rþ fij  eptij Þ ð3:16Þ
The interfacial energy is related to the total interface area present in
material
ws ¼ kS ¼ kð1þ gÞ pt
VM
g
 1
2
 1þ 1
4
a2 þ 1
64
a4 þ 1
256
a6 þ   
 
ð3:17Þ
where a ¼ ð1 gÞ=ð1þ gÞ; t denotes the wall thickness of the tube
and k is the energy per unit area. Energy per unit area is an ideali-
zation of energy per unit volume if inhomogeneous strain distribu-
tion in a thin layer (interface). For a macroscopic region the
interfacial energy is usually negligible in comparison with the elas-
tic energy and dissipation. However, the interfacial energy plays an
important role for the ﬁnite aspect ratio, g ¼ a1=a2, of the band. The
competition between the interfacial energy and the strain energy of
the martensite determines the ﬁnal equilibrium shape of the
macro-martensitic band during transformation process. For a pure
phenomenological purpose, the interfacial energy could be esti-
mated by ﬁtting the morphology data of initial martensitic domain
with the calculation. Due to interfacial energy martensite nucle-
ation should occur in a ﬁnite volume.
During the forward transformation, the austenite is taken as ref-
erence phase and the change in the free chemical energy from aus-
tenite to martensite is given by
Dwch ¼ VMðT  T0ÞDS ð3:18Þ
where DS is the change of entropy per unit volume from austenite
to martensite, T0 is the equilibrium reference temperature, and T
is the current temperature.
3.3. Forward transformation criterion
Generally, the phase transformation is a dynamic process,
requiring activation energy and involving energy dissipation. Herewe consider only equilibrium state where the thermodynamic
driving force is balanced by the resistive force. For the forward
martensite transformation under displacement controlled mode
and isothermal process, the second law of thermodynamics
requires
 _w ¼ fVM _VM þ fg _gþ fh _h ¼ _Wd > 0 ð3:19Þ
where fVM ; fg; fh are driving forces follow from the free energy as par-
tial derivatives with respect to the variables of martensitic volume
VM , the ﬁnite aspect ratio g ¼ a1=a2 and the orientation h
fVM ¼  @w@VM ¼ 
@wel
@VM
 @win
@VM
 @ws
@VM
 ðT  T0ÞDS
fg ¼  @w@g ¼  @wel@g  @win@g  @ws@g
fh ¼  @w@h ¼  @wel@h  @win@h  @ws@h
8>><
>:
ð3:20Þ
and _Wd denotes the total energy dissipation rate during phase
transformation. The energy dissipation is associated with the do-
main front movement. It will lead to the macroscopic stress hyster-
esis between the forward and reverse transformation stress
plateaus. Such an energy term is often used as a criterion for the
phase transformation (Levitas, 1997; Levitas, 1998; Idesman et al.,
2005). In present model, the energy dissipation, Wd, is assumed to
be proportional to the volume of martensitic domain (Sun and
Zhong, 2000; Sun and Hwang, 1993), i.e.
_Wd ¼ D0 _VM ð3:21Þ
where D0 is the experimental determined value of dissipation due
to martensite transformation. With inserting of (3.21) and (3.20)
into (3.19), the forward transformation criterion becomes
fVM ¼ D0; f g ¼ 0; f h ¼ 0 ð3:22Þ
The Eq. (3.22) gives the equilibrium volume VM , the ﬁnite aspect
ratio g and the orientation h of the product phase for given external
strain e and ambient temperature T. In this case D0 represents the
threshold value in the forward transformation.
Because the interfacial energy is taken into account in present
model, the martensite should initiate in ﬁnite volume that leads
to the stress drop for overall response of the tube. The smallest size
of the martensite (initiation) can be explicitly determined by ﬁnd-
ing the minimum strain e0 while Eq. (3.22) has a solution of
VnucleationM > 0. The stress–strain behavior of the tube is obtained
using (3.13).
4. Application of the model, results and discussion
In this section, the developed model is used to simulate the
stress–strain behavior of the tube and pattern evolution of themar-
tensitic band at temperatures of 25, 35, 45 and 55 C. The tube sim-
ulated here has an outer diameter of 1.52 mm and the inner
diameter of 1.22 mmwith a free length of 80 mm. The Poisson ratio
of the two phases, which were measured at room temperature
(25 C) and are suggested to be temperature independent, is
vA ¼ vM ¼ 0:25. The transformation strain eT2 is assumed to have a
same temperature coefﬁcient as that of eT1 in simulation. The mate-
rial parameters measured in experiments are shown in Table 2.
4.1. Initiation and propagation of martensitic band at room
temperature
The ﬁrst simulation of martensite transformation in the tube is
performed at room temperature (25 C). As mentioned previously,
only the nucleation and evolution of the helical band during load-
ing is analyzed.
Fig. 8 shows the calculated axial stress–strain history and
experimentally measured history. Once the applied axial stress
Table 2
Material parameters.
T (C) EA (GPa) EM (GPa) eT1 (%) eT2 (%) D0 (N/mm2)
25 37 19 4.8 2.13 4.46
35 40.5 19 4.96 2.20 4.61
45 44.5 19 5.29 2.35 4.92
55 47.5 19 5.59 2.48 5.20
120 Z.Q. Li / International Journal of Solids and Structures 47 (2010) 113–125reaches the critical level, the calculated stress drops from its peak
value of 440.7 MPa to 427.3 MPa ðDrnucleation ¼ 13:4 MPaÞ and mar-
tensite initiates in ﬁnite volume of VnucleationM ¼ 0:305 mm3 with the
orientation of h ¼ 33:4	 . After initial formation of helical martens-
itic band, the further loading results in a fast then slow decrease of
the stress (Fig. 8(b)), i.e., the calculated stress decrease process
near the nucleation peak has two stages: (1) the stress drop asso-
ciated with unstable initiation of martensite and (2) a followed fast
decrease of stress due to the stable growth of the martensitic band
(the phenomenon was also observed in experiment as mentioned
in Section 2). The stress reaches its minimum value, 407.9 MPa,
then increases monotonically to 412.4 MPa just before the self-St
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Fig. 8. (a) The analysis result of stress–strain history and comparmerging of the helical band. The calculated transformation strain
corresponding to the coalescence of the band is about 1.74% (total
strain of 2.94% in s–s curve) while the observed value in experi-
ment was about 1.5% (total strain of 3% in s–s curve).
The orientation of the helical martensitic band versus volume
fraction of martensite is shown in Fig. 9. During the loading the
martensitic volume steadily increases but the change in the orien-
tation of the helical band is in a small range of 33:3	 6 h 6 33:5	
while the experimental observed value was 33.
The pattern evolution of the helical band is plotted in Fig. 10
and the analysis results are in good agreement with experimental
results for a1 < 0:7 mmðVM=V < 0:15Þ. However, the calculated re-
sults deviate gradually from the experimental values with further
growth of martensite (i.e. a1 > 0:7 mm;VM=V > 0:15Þ. One reason
leading to the deviation of the simulated results from the experi-
ments is that the present model is developed on the hypothesis
that the volume of martensite should be much smaller than the to-
tal volume of the sample. Another possible reason is that in real
polycrystals the driving force from the rapid reduction in the inter-
facial energy of the system accelerates the front merging when the(a)
(b)
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Fig. 9. The orientation of the martensitic band versus martensitic volume.
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evolution should be taken into account in the future study.
4.2. Simulation of martensitic band at different temperatures
The stress–strain response of the tube and the nucleation and
pattern evolution of the helical band at temperatures of 35, 45
and 55 C are also simulated by present model. The calculated
stress–strain history and experimentally measured history are
plotted in Fig. 11 and the arrows indicate the experimental-ob-
served self-merging of the helical band. The simulated stress–
strain responses of the tube are in good agreement to experiments.Table 3
The simulated results at different temperature.
Temperature (C) 25 35 45 55
Drnucleation (MPa) 13.369 18.565 20.637 22.675
VnucleationM (mm
3) 0.305 0.314 0.316 0.313
Cycles of the initial band 1.632 1.627 1.634 1.632
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Fig. 12. (a) The mid-point velocity versus nominal straThe analyzed stress drop due to martensite initiation, Drnucleation,
is temperature dependent and increases with increasing tempera-
ture, however, the initial nucleated martensitic volume VnucleationM is,
at least, not sensitive to ambient temperature as shown in Table 3.
The calculated cycles of the initial helical band is also shown in Ta-
ble 3.
At the temperatures of 35, 45 and 55C, the simulated stress de-
crease near the nucleation peak is similar to that at 25 C, i.e., an
initial stress drop followed a fast decrease of the stress (two
stages). Experimental observation revealed that even under a qua-
si-static deformation the front velocity of the martensitic domain
during nucleation (stage one) could be very high since the localTable 4
Stress drops at different temperatures.
Temperature (C) 25 35 45 55
Dranalysisdrop (MPa) 28.089 34.446 42.838 50.269
Drexpdrop (MPa) 19.709 26.373 41.692 50.164
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in; (b) the front tip velocity versus nominal strain.
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Fig. 13. The pattern evolution of martensitic band at different temperatures.
Table 5
The maximum length of the helical band and its cycles.
Temperature (C) 25 35 45 55
Lmax (mm) 64.933 59.709 56.338 55.249
Cycles of the band 12.605 11.574 10.890 10.638
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the nominal strain rate due to the dynamic event. In present model
the front velocity of martensitic domain during stage one (nucle-
ation) tends to be inﬁnite and the martensite initiates without
the help of external strain, which leads to a stress drop of overall
response of the sample. For stage two the front normal velocity
at the mid-point of the long front, Vm ¼ _a1, and the front velocity
at the helical domain tip, Vt ¼ _a2, are calculated at the quasi-static
nominal tensile strain rate of _e ¼ 1:3 104=s (here only the part
of front velocities due to the martensitic domain growth is calcu-
lated and the part resulted from the domain rotation is ignored),
and the variations of Vm and Vt versus nominal strain are plottedVM
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Fig. 14. The band orientation versus martenin Fig. 12. It can be seen that (1) the maximum values of Vt and
Vm occur at the beginning of the stage two and the both velocities
decrease rapidly with increasing nominal strain (decreasing stress,
see Fig. 8(b)); (2) with the growth of martensitic domain the veloc-
ity Vm tends to be a constant while the value of Vt decreases mono-
tonically; (3) the tip velocity Vt is much higher than the mid-point
velocity Vm, e.g., the maximum value of Vt at 25 C is about
4.126 mm/s while that of Vm is about 0.133 mm/s and (4) the max-
imum values of Vt and Vm decrease with increasing temperature.
The features mentioned above were observed in recent experi-
ments (see Feng and Sun, 2006), both of the maximum values of Vt
and Vm simulated by present model (room temperature) are, how-
ever, about one order lower than that measured in experiments in
which the nominal quasi-static tensile strain rate of _e ¼ 3 105=s
was used.
Since the stress decrease has two stages, it is reasonable to de-
ﬁne the total stress drop due to helical martensitic band formation
as
Drdrop ¼ rpeak  rknee ð4:1ÞV
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sitic volume at different temperatures.
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Fig. 15. The martensitic volume versus nominal strain.
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of the domain front decreases to the knee in V—e curves. The calcu-
lated total stress drops and experimental results at different tem-
peratures are shown in Table 4.
The pattern evolution of the helical band at different ambient
temperature is similar to that at 25 C (Fig. 13) and the maximum
length of the band, Lmax ¼ 2amax2 , decreases with increasing temper-
ature as shown in Table 5.
The orientation of the helical band is temperature dependent
and increases from about 33.4 (average) at 25 C to about 34.3
(average) at 55 C. For each simulated temperature the band ro-
tated but the orientation change in a small range with the steadily
growth of the helical band as shown in Fig. 14.
The variation of martensitic volume is close to proportional to
the increase of the nominal strain in the simulated temperature
range except for a small region near nucleation, i.e., the martensitic
growth rate _VM  CðTÞ where CðTÞ is temperature dependent only
(Fig. 15). The similar phenomenon was also observed in the previ-
ous experiment of strip specimen in which the coexisting transfor-
mation fronts propagated at a constant speed (Shaw and
Kyriakides, 1997).
5. Conclusions
In this paper, a model based on the inclusion theory is devel-
oped to simulate the initial formation, pattern evolution and orien-
tation of the helical martensitic band in the tube during loading
process. The free energy function of the tube is derived by intro-
duced an equivalent method to calculate the stress and strain dis-
turbances in the helical martensitic domain. One advantage of the
proposed approach is that the model is simple but describes exper-
iments well.
The model captures the main features of the martensite nucle-
ation and propagation, i.e., once the stress reaches a critical value
(nucleation peak), the stress drop of the nominal overstress con-
sists of two distinct macroscopic processes associated with the
unstable nucleation of the martensite in the form of helical band
with a concomitant nominal stress drop and the followed stable
propagation of the helical band that leads to the fast decrease of
both the stress and the front velocity, and next the stable helical
domain grows with quasi-static front velocity under roughly un-
changed stress (stress plateau) until the domain self-merging.The simulated orientation of the helical band agrees with experi-
ment result.
The model describes well the observed pattern evolution of the
helical band when the martensitic volume is small compared to the
total volume of the sample. However, the simulations deviated
from the experiments with further increasing martensitic volume
(in present simulation, it is VM=V > 0:15Þ. The factors that affect
the pattern evolution of the martensitic band should be taken into
account in the future effort.
The observed martensitic domain evolution in the tube during
loading process is a sequence of from the dynamic nucleation in
the form of helical band to its further growth, then to self-merging
and the topology transition into a cylindrical band. The modeling
with a thermomechanically coupled analysis to capture these fea-
tures will be the objective of future investigation.
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